Lecture 17

L’Hopital’s rule

Exercise 17.0.1. Remember that
lim sin(x)

z—0t X

=1

For no good reason, let’s take the derivative of the top and bottom functions,
and then take the limit:

. (sin(z))’

lim ——.

x—07F (.’L‘),
What answer do you get?

Exercise 17.0.2. Compute the limit

o 2r+3
lim .

Let’s try taking the derivative of the top and bottom function first, and then
take the limit. That is, compute

/
A3 m
How do your answers compare?
Exercise 17.0.3. Compute the limits
$2 ) ( $2)/

Jim 1/z and P 1/z)

How do your answers compare?
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The first two exercises were promising, but the last one showed that this
trick doesn’t always work. Here is a theorem that you may use freely; we
won’t prove it in this class:

Theorem 17.0.4 (L’Hopital’s Rule). Let f and g be functions. If
1. lim f(x) = oo and lim g(z) = oo, or if
2. lim f(z) = 0 and lim g(z) = 0,

then /
lim M = lim f,(:v)
9(x) g'(z)
In words, if the limit of the denominator and numerator both equal oo, or
if both equal zero, then the limit of the fraction may be computed by first

taking the derivatives of f and g.

Warning 17.0.5. The hypothesis of L’Hépital’s Rule is important! (The
limits of the denominator and numerator must both agree.) You saw in Ex-
ercise 17.0.3 an example where the numerator and denominator had different
limits; as a result, the limit of the fraction after taking the derviatives was
different from the limit of the fraction.

Remark 17.0.6. The limits in the statement of L’Hépital’s Rule have no
subscripts. This is because I am being lazy. To be explicit: If all the limits
are taken at the same point, then the theorem holds.
For example, if lim, .+ f(x) and lim,_,,+ g(x) both equal zero, you can
apply L’Hopital’s Rule:
f'(@)

z—at g, (SL’) .

This works for one-sided limits from the left, and for limits at d-oc.

Remark 17.0.7. As you may have guessed, “L’Hopital” is a French name.
It is pronounced (roughly) ”"Lo-pee-tahl.” You may not be used to the 6; that
is, to the little “hat” on top of the o. This symbol is called a circumflez,
and in French, it is often used when a word used to have an s right after
the circumflex. So for example, in the past, the word “L’Hopital” would
have been spelled “L’Hospital.” Yes, that’s right; this person’s name literally
translates to “The Hospital.”



Exercise 17.0.8. Evaluate the following limits. Some may involve L’Hopital’s
rule; other may not. When you use L’Hopital’s rule, say why you know you
can use it (based on the hypotheses of the theorem above).

() limg, (r/2)+ w () Timeo- 5
(b) limg 00 " (g) lim, o xe”
(c) limg_y1+ 5 (h) lim,_, o z€e®
(d) limg, o ﬁ (i) limg oo i—z
(e) lim, o+ xInx (j) limy oo %
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Solutions

(a)

(b)

. r—m/2)sin(x
litn gy LT

Evaluating the limit in the numerator and denominator yields

limx%(ﬂ-/m-k (SL’ - 7T/2) SiIl(QZ) - (7T/2 — 7T/2) -1

= 17.1
limxﬁ(ﬂ/g)-r COS(JI) 0 ( )
This is 0/0, so we can use L’Hopital’s rule.
—7/2)si —7m/2)si !
(x — m/2) sin(z) — lim ((x — m/2) sin(z)) (17.2)
o (m/2)+ cos(z) o (m/2)+ (cos(z))’
i —m/2
— lim sin(z) + (z . 7/2) cos(x) (17.3)
a—(n/2)+ — sin(z)
140
= 1 —_— 17.4
xa(17512)+ -1 ( )
S (17.5)

: x
hm:c—)oo z2—1

Evaluating limits in the numerator and denominator, we obtain co/o0,
so we can use L’Hopital’s rule.

(z)

R S Ly g (17.6)
1

= lim — 17.7

Jim o (17.7)

= 0. (17.8)

You also could have solved the original limit without L’Hopital’s Rule:
Just divide top and bottom by z.

We cannot use L'Hopital’s Rule here because, when evaluating the limits

of the numerator and denominator, we arrive at 1/0. This is not 0/0 nor
00/ 00.



But we can still divide top and bottom by x. Then

x x 1/x
lm — = lim —— - — 17.
L Rl s R Y (179)
. 1
= Jim (17.10)
limm_>1+ 1
= 17.11
lim, .+ x — i ( )
1
S (17.12)

= — -
lim, 1+ 2 — 2

When x > 1, we know that = — 1/x is positive. So the denominator
approaches 0 from the right.

1

Here is another way you could have computed this limit. Note that
(22— 1) = (x4 1)(x — 1), and we know that (z — 1) is the factor that is
causing the denominator to become 0 in the limit. So let’s rewrite things
in a way we can try to factor out an (z — 1) from the numerator, too:

T Z

$lig1+ 2 —1 JL‘% (z — 1)(z+1) (17.13)
= Jm, (xx__l)l(;i 1 (17.14)
e e e B
= lm e i T 1;(% Y (17.16)
= 1 + im, x21_1 (17.17)
=14 lm (17.18)

Now note that 22 — 1 approaches 0 from the right when x — 17, because
if x > 1, then 22 > 1. So this limit becomes

1
:1+0—+:1+oo:oo

just as before.
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(d) limg—y— oo ﬁ We don’t need L’Hépital’s Rule: We see this limit is 1/ —
oo = 0. Note that we couldn’t have used L’Hopital’s Rule anyway.

(e) lim, o+ xlnzx

Let’s rewrite this limit:

1
lim zlnz = lim —" (17.19)
z—0t z—0t 1/[1)
. —Inx
- 1720

You don’t really need to insert the minus sign, but I did so to see
that lim,_,o+ —Inz = oo and lim,_,op+ = oo; this shows we can apply
L’Hopital’s Rule. Applying said rule, we find

—1 —Inzx)
Tt LA A ) (17.21)
a0t 1/x e—0t (1/x)
. —1/z
= _g& Y (17.22)
. 1/z
=~ Jim o (17.23)
. 1/z 2?
== Jlim 5 (17:24)
. i
=~ lm 7 (17.25)
0
= -7 (17.26)
— 0. (17.27)

(F) lim,o- 555

We already know that lim, . =1, so we can use that to say

1
lim —— = lim —— (17.28)
e=0- sin(z) 220" G
1
- (17.29)
lim,_o- sn(@)
- (17.30)

t—‘}_l‘}_\

(17.31)



You could also use L’Hopital’s Rule to arrive at

_ 1 1 1
lim = =—-=1
z—0+ cos(x)  cos(0) 1

(g) lim, o xe® You don’t need L’Hopital’s Rule here; we plainly see that
the limit is given by oo - co = o0.

(h) lim,_,_. xe® This gets trickier, because we find (taking naive limits)

which is undefined. So let’s rewrite this limit as a fraction:

im ze® = = Tim p— (17.32)
lim, ,
= e (17.33)
lim, , ~ —%
= e (17.34)
00
i (17.35)

which means we can use LL’H6pital’s Rule on this limit. We find:

lim ze® == lim (17.36)
T——00 r——00 ¢~
lim, , o (z)
= TN 17.37
lim, o (e®)’ ( )
_ Moo 1 (17.38)
C lim,, o €7 '
1
- - 17.39
lim, , . €e® ( )
1
= 0. (17.41)
(17.42)

T

(i) limg oo 25
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Evaluating the numerator and denominator limits, we obtain co/oo, so
we can use L’Hopital’s Rule. Then we end up with

. Inb5”
lim .

z—o0 Qo

Taking limits of top and bottom, again we find co/oc. So we can use
L’Hoépital’s Rule again. Then we find
(In 5)%5%

lim
Tr—r00

The limit of this expression is clearly oo.

5$

This problem is the same work as above, but you use L’Hé6pital’s Rule
three times.
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17.1 Preparation for Lecture 18 (Review prob-
lems)

For the next quiz, you should be able to answer all of the following true-false
questions.

Warning. On the quiz, you will receive +2 points for a correct
response, and receive zero points for an incorrect response. You
may write “I don’t know” for +1 point. Remember that true/false
questions can be tricky. Also, remember that in math and logic, “True” is
the same thing as ALWAYS TRUE, and “False” is the same thing as “NOT
always true,” put another way, “False” means “this is false in at least one
case.”

State whether each of the following is true or false:

a) If “P = Q7 is a true statement, then so is “ not = not P".

(
(b

If “ not ) = not P” is a true statement, so is “P — Q.

(¢) If “not @ = not P” is a true statement, so is “Q) — P.

)
)
)
(d) The statement “If S is a circle, then S is an ellipse” has converse “If S
is an ellipse, then S is a circle.”

(e) Fix a function f, an input number a, and another number L. Suppose
that for every € > 0, there is a § > 0 so that for all z # a, we have
that |z —a| <d = |f(z) — L| <e. Then lim,,, f(z) = L.

(f) Fix a function f, an input number a, and another number L. Suppose
that for every o > 0, there is an € > 0 so that for all © # a, we have
that |x —a| <6 = |f(z) — L| < e. Then lim,_,, f(x) = L.

(g) The function f(z) = |z| is differentiable at z = 0.

(h) The function f(z) = |z| is differentiable at x = 1.
= |z| is differentiable at x = 5.

(J

(k) If f'(a) =0and f"(a) <0, then a is a local maximum of f.

The function f(z) = |z| is differentiable at z = —2.

)
)
(i) The function f(z)
)
)
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(1) If f'(a) =0 and f"(a) =0, then a is a local maximum of f.
(m) If f/(a) > 0 and f”(a) =0, then a is a local maximum of f.
) < 0, then a is a local maximum of f.
(o) The derivative of cos(x) is sin(x).

)
)
(n) If f'(a) > 0 and f"(a
)
)

(p) For any positive number a, the derivative of f(x) = a” is given by f(x)
again.



