Homework 3: Relative homology and excision

0. Pre-requisites.

The main theorem you’ll have to assume is the excision theorem, but only for Problem 6. Recall
what this says: Let A C V C X, where the interior of V' contains the closure of A. Note there
are inclusion of spaces V— A — V, and X — A — X. (As usual, the notation X — A means the
complement of A inside X.)

THEOREM 0.1 (Excision). The induced map on homology
H, (X -AV—-A)— H,(X,V)
is an isomorphism for all n.
0.1. Goals. The goal of these problems is to prove the following fact:

THEOREM 0.2. Let A C X be a closed subset such that A is a deformation retract of some
open set V C X. Then there is an isomorphism

H, (X, A) 2 H,(X/A, pt).
In other words, the algebraic gadget called "relative homology” has a very natural geometric

interpretation if A is a nice enough closed subset—it looks exactly like the homology of the quotient
X/A.

1. Long Exact Sequences of Homology Groups

This is a problem purely about algebra; there is no topology here. Part (c) is tedious, but builds
a foundation for the rest of the problems. Let A, B, C be chain complexes, and let f: A — B and
g : B — C be chain maps. Assume that for every integer n € Z, the sequence of abelian groups

0 A, I B, 9n

Ch 0

is exact.
(a) Prove the following (a sentence should suffice for each step):
(i) For any ¢ € C,, there is a b € B,, such that g, (b) = c.

(ii) If ¢ is closed, then &Pb (the same b from above) is in the kernel of g,_;.
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(iii) If c is closed, there is an element a € A,,_; such that f,_1(a) = dPb.

For another proof of the above result, trying Googling Jill Clayburgh, It’s My Turn, Snake
Lemma Proof.

(b) Prove that the map 9, : H,(C) — H,_1(A) given by 9([c]) := [a] is a well-defined map on
homology. Note this 9 is not meant to be the differential of a chain complex; unfortunately, the
common notation for this map is 9, and I chose a poor convention of writing the chain complex
differential by the same letter.

(¢) Note that we now have maps

On+1 g * On *
g AL 1B -2 B (0) — 2 H,(A) T

where the @ are the maps from the previous part of this problem. Prove the following. (These
will take more than just a sentence.)

(i) image(fs) = ker(gs).
(ii) image(g«) = ker(dy).

(iii) image(d,) = ker(fx : Hp—1(A) = H,—1(B)).

You have just proven the following: Theorem. Whenever f and g are chain maps defining short
exact sequences as above, we have a long exact sequence in homology groups.

Even if you could not prove everything in part (c), the only thing you will need in
the following problems is the construction of the map J. So make sure you understand
that. You may invoke this theorem throughout the rest of the problems.

2. Homology of a pair, I

Let X be a space, and A C X a subspace. Here is an algebraic analogue of X/A.

(a) Show that the map j, : Cp,(4) — C,(X) induced by the inclusion A — X is an injection of
abelian groups.

(b) For each n, define an abelian group C, (X, A) by the quotient C,,(X)/j,(Cr(A)). Show that
the sequence of groups C, (X, A) forms a chain complex, where the differential for this chain
complex, denoted d,, is induced by that of X. We will denote its homology by the notation
H,(X,A).
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5. HOMOLOGY OF A PAIR, III 5
The homology He(X, A) is called the homology of the pair (X, A).

3. Homology of a pair, II

Let a be an element of C,,(X). Assume that d« is in the image of j,(C,(A)). Show that «
defines a homology class in H,, (X, A). (The geometric interpretation is that H,, (X, A) captures
the shapes in X whose boundaries are fully contained in A.)

Show (for instance, by citing the previous problems) that there is a long exact sequence of
homology groups

.= Hy(A) > Hy(X) - Hy (X, A) - H,_1(A) > ... = Hyp(X,A) — 0.

4. Easy pairs

If A is empty, prove that H,(X) = H,(X,A). (Note that by definition, the free abelian group
on the empty set is the 0 group.) Take care: The lefthand side is the singular homology of
X, as we've defined in class. The righthand side is the relative homology, as defined in the
problems of this exam.

Let X be non-empty and let A be a point inside X . Show that H,, (X, A) is isomorphic to H, (X)
whenever n > 1. If Hyo(X) = ZY, show that Hy(X, A) =2 ZV~1. (Note that in particular, if X
is path-connected, Hy(X, A) is the zero group.)

Fix some space V and let A C V. Assume that the inclusion i : A — V is a homotopy
equivalence. Show that H,(V, A) 20 for all n.

5. Homology of a pair, ITI

Let A C X'. A map of pairs f : (X, A) = (X', A") is a continuous map f : X — X' such that
f(A) C A’. Show that there is a category Pairs whose objects are pairs (X, A) with A C X,
and morphisms are maps of pairs, and composition is induced by the usual composition for
continuous maps.

Show that a map of pairs induces a map of chain complexes C,, (X, A) — C,,(X’, A’); show that
this defines a functor Pairs — Chain to the category of chain complexes.

Show (for instance, by citing homework) that for every n, we have a functor from Pairs to
Abelian Groups which sends a map f to the map

fe i Ho(X,A) = Hy (X' A,
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So this problem shows that relative homology can be thought of as an invariant of a pair
of spaces (X, A); i.e., of how A sits inside X.

6. An exercise in excision

Let A C V C X be subspaces such that A is a closed subset of X, and V is an open subset of

Show that there is a commutative diagram of pairs of spaces

J

(X — A,V —A) (X, V)
qul . \Lq
(X/A— AJA, VA — AJA) —— > (X/A,V/A).

That is, show that go j = j' o ¢|x_a as maps of spaces. Here ¢ : X — X/A is the quotient
map.

Show that the restriction of this quotient map to the space X — A and to V — A induces
homeomorphisms

dlxoa: (X —A) > (X/A—AJA)  and  qly_a: (V = 4) > (V/A— A/A).

Show that ¢ induces an isomorphism on relative homology,

g« Ho (X, V)2 H,(X/A,V/A) for all n.

Where did you use that A is a closed subset of X7

Note that we are almost done with the proof that He(X, A) = He(X/A,pt). We just need
to replace V' with A in the isomorphism from part (¢). We will show we can do this when V'
retracts to A.

7. Long exact sequence of a triple

Let A CV C X. Show that there are chain maps
f:Ce(V,A) = Co(X, A), g:Ce(X,A) = Co(X,V)
which induce short exact sequence of abelian groups
0——=Ch(V;A) ——=CL(X,A) ——=C, (X, V) ——=0

for each n.
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9. PROOF OF THE MAIN THEOREM 7

For any triple A C V' C X, show there exists a long exact sequence of relative homology groups
as follows:

> H,(V,A) — H, (X, A) — H,(X,V) —2> H, 1 (V,A) —> -

(for instance, by citing a previous problem). This is called the long exact sequence associated
to a triple, or the long exact sequence of a triple.

8. Deformation retracts

Recall that a deformation retraction of V to A is a map
F:Vx[0,1] =V

where
(i) F(a,t) =aforallae A,te[0,1],
(ii) F(v,0) = f for all v € V, and
(iii) F(v,1) € Aforallv e V.
Show that if V' admits a deformation retraction to A, V' is homotopy equivalent to A.

If such a deformation retraction exists, we say that A is a deformation retract of V.

Prove that if A C V C X and A is a deformation retract of V, then there is an isomorphism
of homology groups H, (X, A) = H,(X,V) induced by the obvious map of pairs f : (X, A) —
(X,V) given by f(x) =xz. (“Triples” should be the obvious hint here.)

The upshot is that you can compute relative homology of (X, A) by replacing it with (X, V),
and vice versa.

Show that a deformation retraction from V to A induces a deformation retraction from the
space V/A to the space A/A (i.e., a point).

9. Proof of the main theorem

Assume that A C V C X is a sequence of subspaces where A is closed, and V is an open set

which deformation retracts onto A.

(a)

Show there is a commutative diagram of a pairs of spaces

(X, 4) —L ~(x,v)

| )

(X/A, AJA) —L> (X/A,V/A)

where the horizontal maps are given by f(z) =z and g([z]) = [z].
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(b) By functoriality of relative homology, we now have a commutative diagram of abelian groups

H,(X,A) — H,(X,V)

i X

H,(X/A,AJA) —— H,(X/A,V/A)

for all n.

(c) By using the previous problems, conclude that the leftmost vertical arrow is an isomorphism.

10. Naturality of long exact sequences

This problem is also a problem purely in algebra.

(a) Suppose we have a commutative diagram of chain complexes as follows:

A——=B—1>(C

ekl

A ——=p (.

Prove (for instance, by citing homework) that for every n, this induces a commutative diagram
on homology groups

HA-TsHB—"sHC

f/ ’

HA L >HB ">

(b) Assume that the maps f, g, f/, ¢’ induce short exact sequences

Cp 0 and 0 Al

for every n. Prove that there is a commutative diagram

H.C—2">H, A

0,
HnC/ — Hn—lA/

where 9,, and 9], are the maps constructed in Problem 1.
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Conclude that the long exact sequences associated to f,g and to f’, g’ are natural. This just
means that we have a commutative diagram as follows:

On— « « n *
iAo w02, A

\La* l[ﬁ* \L’y* ia*
A fl ! , i

o !
S A > Hy B s H, O —> Hy A s

where each horizontal row is the short exact sequence from Problem 1.

Suppose we have a map of pairs f: (X, A) — (X', A’). Show we have a commutative diagram
of homology groups

an_ Tu n
- H, A H,X Ho (X, A) 2 Hy A ——> -
if* if* lf* lf*
01 i, oy,
H, A H, X' Ho (X', A s Hy A

Here, i, is the map on homology induced by the inclusion 7 : A — X, f, is an abuse of notation
(because it is used to denote many different maps), but every f, is the map on homology
induced by the map of pairs.



